The two-level quantum system is applied in theoretical modelling of the angle-resolved differential absorption spectra induced by the strong near-resonant laser field in quantum dots. The simulations of induced polarization waves at appropriate directions have been performed by means of the density matrix formalism, without using perturbation theory. An interpretation of the differential spectra is provided referring to representation of the dressed states, with their energies experiencing Stark shifts due to the action of the laser field. The feasibility of the light and matter interaction strength characterization via observed Mollow spectrum at the different (from the probe beam) direction is demonstrated.
Introduction
Progress in constructing optical switches, logical elements, as well as entries for quantum computing [1] [2] [3] increases demand for characterization of strong-field affected electronic states in quantum wells, quantum wires, and quantum dots (QD). In particular, there has been considerable interest in the investigation of the optical Stark effect (OSE), i. e. light-induced shift of energy levels in the presence of non-resonant laser fields in nanoscale materials [4] . Optical spectroscopy methods count among the most versatile and routine ones for characterizing strong-field limit of light-matter interaction in such kind of quantum systems. Among a number of experimental and theoretical studies of such kind, analysis of the strong-coupling regime between confined excitons and micro-cavity photons [5] , dynamics of basic laser-induced coherences (that can be observed, e. g., in quantum beat spectroscopy), as well as Rabi oscillations in pump-probe spectroscopy [6, 7] should be noted.
The last technique is known as standard one for investigating both transient and stationary response of medium to the pump-induced perturbation. This method implicitly assumes weak probe beam, which measures induced absorption (transmission) changes. However, it should be stressed that, to reduce the complexity of the problem, the description of the technique discussed here is based on two different kinds of approximations, even for the relatively strong pump field. In the time-resolved case, negligible excited state population is approached, allowing perturbative treatment of system evolution [9, 8] . On the other hand, countinuous wave (cw) approximation and appropriate to this case representation of the dressed states is used to consider OSE in the strong-field (high Rabi frequency) limit [10] .
Because our interest in this work is the OSE manifestation in differential absorption spectra observable in the limit of strong pulsed excitation, none of the mentioned above approximations is suitable for our purposes. Therefore numerical integration of the Bloch equations is performed when obtaining the main results in this work, which is performed in the manner of angle-and time-resolved pump-probe spectroscopy developed for description of the coherent effects in femtosecond pump-probe spectroscopy [11] [12] [13] [14] [15] [16] .
In this paper we stress the peculiarities of the differential pump-probe spectra resulting from the strongfield induced OSE in QD, owing to the fact that both long phase relaxation time and huge strength of optical transitions are characteristic of confined excitons. Because of the discrete atom-like lines of the excitonic spectra, here we restrict our consideration to two-level quantum system. The paper is organized as follows. Section 2 provides our approach and main equation appropriate for the analysis of the angle-resolved pump-probe measurements. Section 3 presents the numerical modelling results and interpretations based on the dressed state picture. We conclude with discussion of expected benefits of using angle-resolved pump-probe configuration analysis of the OSE implemented peculiarities in differential absorption spectra in Sec. 4.
Theoretical model and calculation procedure

Pump-probe spectroscopy in two-level approximation
Consider a two-level system with a transition frequency ω 21 subjected to the strong pump, which has carrying frequency ω L and wave vector k L , and a weaker probe, characterized by frequency ω P and wave vector k P , accordingly. Total electric field can be written as superposition of two quasi-monochromatic plane-wave pulses:
where ε L (t) and ε P (t) are slowly varying envelopes of electric field, c. c. means complex conjugate. Both electric fields are assumed to be linearly polarized in the same direction. Delay times τ P and τ L for probe and pump pulses, respectively, are introduced to ensure the time-invariance in final equations. Further on through this paper the pump field arrival time will be taken as reference one, therefore: τ L = 0 in all calculations. Field frequencies are assumed to be near to the optical transition of the system, in the sense that absolute values of frequency detunings for pump and probe pulses from resonance are considerably less in comparison to corresponding resonance frequency of the two-level system. Non-perturbed Hamiltonian of the two-level system is defined as
whereas perturbation due to electric field dipole interaction with the laser field is written as follows:
where matrix element µ stands for the dipole transition in two-level system. Dynamics of the system under consideration now is given by evolution of Liouville equation of the density matrix, as follows:
Here we may recall some points of the well-known pump-probe spectroscopy. Specifically, in such measurements pump beam induces population and polarization in the sample, whereas weak probe pulse is used to test these changes. Usually, fields are directed to the sample at different angles, and two polarization waves interfere to produce a grating with period h = |k L − k P | in k-space. Diffraction on this grating results in energy transfer from the pump beam to the probe one. In our simulations it is assumed that moduli of wave vectors |k L |, |k P | are equal and modulation of the refraction index is quite small. Therefore, we restrict ourselves to the first order of diffraction only, by defining polarization amplitudes Q L , Q P , and Q L2P (propagating at directions k L , k P , and 2k L − k P , respectively), and expanding polarization ρ 12 and population n = ρ 22 − ρ 11 in the following manner [15] :
(Note that n −1 = n * 1 .) After substituting expressions (5) into Liouville equations one gets the following equations describing evolution of this two-level system:
where terms with characteristic constants T 1 and T 2 are introduced to account for population and polarization relaxation, respectively. n 0 (0) is initial population of the system (in our simulations n 0 (0) = −1, as the system is assumed to be in ground state), Λ L,P = µ ε L,P (t)/ corresponds to the Rabi frequencies of pump and probe fields.
To exclude the dominant "fast" oscillations at frequencies ω L and ω P from polarization Q L , Q L2P , and
, and
. Then, using rotating wave approximation, equations for material variables (polarization and population) can be written as
where ∆ L12 = ω L − ω 12 and ∆ P12 = ω P − ω 12 are detunings of the pump and probe pulses from resonance. In our simulations they are assumed to be equal in dispersed pump-probe measurement (see below), when spectrum of the probe pulse is considered as supercontinuum. In this case the detuning of the probe pulse is not crucial, provided probe spectrum is taken sufficiently broad. Two kinds of pump-probe experiments are knownthese are dispersed and two-colour pump-probe experiments. In the latter case both pulses are of the same duration. Transmission differences can be calculated at various delay times between probe and pump beams, also when pump and probe are off resonance. Difference spectrum in this case reads:
Here τ denotes the delay time between pump and probe fields. Λ P and Λ 0 P stand for the cases when pump pulse is turned on and off, respectively. (In fact, due to calculation problems, Λ 0 P is evaluated for the long delay of the pump pulse.)
The evolution of probe field is expressed using Maxwell equation:
When dispersed pump-probe experiment is investigated, one calculates differential transmission spectrum of the probe field. It can be written as follows:
Runge-Kutta method of fourth order is used to simulate the Eqs. (11)- (15).
Two-level system in the representation of "dressed" states
Before presenting results of the Stark effect manifestation in differential absorption spectra, it is instructive to have a look at physics of the two-level system in a strong near-resonant cw laser field. It is well known that Rabi oscillations, i. e. sinusoidal time evolution of the material variables (population and polarization) results in the splitting of the quantum states of composite light-matter system in the dressed-state representation (see e. g. [10, 17, 18] and references therein).
Due to strong interaction between field and twolevel quantum system, the superposition of field and quantum system is approached. In this case Schrödinger equation
for stationary system Hamiltonian H can be solved expressing the wave function ψ(r, t) as superposition:
where C j (t) represents probability amplitude to find system in state |j , j = (g, e). Assuming that modulus of coefficient C j (t) is constant, |C j (t)| = const, and using appropriate boundary conditions (details of the full solution of this problem see in [18] ) the wave vectors |g ± and |e ± describing superposition of the compound field and matter system are found. Probabilities to find the system in "dressed" states reads:
Here Λ = √ Λ 2 + ∆ 2 is a generalized Rabi frequency. Schematic representation of the "dressed" by the electromagnetic field two-level system is drawn in Fig. 1 for weak-and strong-field cases. Possible dipole transitions at three frequencies ω, ω + Λ , and ω − Λ are marked here by arrows.
Differential absorption spectra corresponding to the transition to "dressed" states can be easily calculated from Eqs. (11)- (15) . In stationary case a linear set of equations for separate Fourier components reads as follows:
The solutions for polarization at directions k P and 2k L − k P are:
where D is denominator expressed as
Differential absorption spectrum probed at k P , calculated using these expressions, is drawn in the Fig. 2(a) . This spectrum has well-known Mollow resonances [19] at frequencies which exactly match the transitions between "dressed" states:
where Additionally, negative dip at the resonance frequency ω 12 is observed in Fig. 2(a) and it corresponds to reduced absorption from the ground to excited state due to the perturbation.
On the other hand, it should be stressed that Stark shifts can be examined at the direction 2k L − k P , to which some part of the induced polarization is scattered due to the induced polarization grating. In Fig. 2(b) we plot the modulus of polarization scattered in this direction. In comparison to Fig. 2(a) , absence of the negative dip at unperturbed resonance frequency ω 12 should be stressed here.
Results of numerical modelling and discussions
Before we begin discussing results of numerical modelling, we will make some remarks on the parameters which will be used further throughout this paper. Firstly, as a population relaxation at the femtosecond to picosecond scale is negligible in the system we are interested in (QD), it has been excluded from simulations (i. e. T 1 is set to infinity). Phase relaxation time T 2 was varied in the region of 0.1-1 ps. In the case of dispersed pump-probe experiment probe pulse has to be wide enough to cover the whole line width, which is conditioned both by phase relaxation time and Rabi frequency. The latter parameter Λ L was raised up to 60 ps −1 (corresponding to the maximal used "area"
dt of the pump pulse). Therefore probe pulse duration was set to 0.001 ps. As mentioned above, weak probe beam is used to probe induced absorption (transmission) changes, therefore its energy has to be weak and probe pulse area Θ P = Λ P (t) dt has been set to 0.0001. All spectra were calculated at zero delay -when pump and probe pulse coincided in time τ P = 0.
Dispersed pump-probe experiment
Usually the broad-band probe for the dispersed pump-probe experiment is created by using supercontinuum generation in wide-band dielectrics: water, optical glass, and fibres. The part of the pump pulse is used for these purposes. Therefore, analysing this case it is reasonable to use the same carrier frequency both for the pump and probe pulses (ω L = ω P ). We start our analysis with the spectra, which are depicted for the fixed pump pulse area Θ L =70, while changing detunings of the pump and probe pulses ∆ L12 = ∆ P12 gradually from 20 to 60 ps −1 . Spectra calculated at three different phase relaxation times (T 2 = 0.1, 0.2, and 0.5 ps) are shown in Fig. 3(a-c) . Due to the relatively short (as compared to the pump pulse) phase relaxation time, only negligible signatures of the OSE manifest here in the subfigures (a) and (b). Instead, these spectra are dominated by the broad-band dip due to the reduced absorption at the two-level resonance. Nevertheless, increasing relaxation time T 2 leads to clear manifestation of the OSE in the spectra, which recall some features of the spectra in cw case shown in 2 ) and manifest in an absorption increase in the low-energy side of the spectra. Note that the energy side on which more pronounced OSE is observable depends on the pump pulse frequency detuning from resonance. In our case pump pulse energy exceeds the difference between the energy levels in the two-level system. As a result OSE is clearly observed on the longer wavelength side with respect to system resonance, quite according to predictions made by using representation of the "dressed" states. The same features, though inversely signed and of considerably smaller amplitude, also occur on the shorter wavelength side. Figure 3(d) shows enlarged spectra corresponding to this wavelength region and displays both oscillations and an absorption decrease. In addition to these observations, which are qualitatively similar to the ones shown in Fig. 2(a) and discussed in the subsection above, one aspect of the Stark shift spectroscopy should be mentioned here. Usually, line shifts of perturbed systems are determined by measuring positive peak of the "butterfly" feature in the differential absorption spectrum. It is noteworthy that in the case under consideration strong-field affected probe absorption undergoes changes both in position and shape (amplitude), as it is seen from Fig. 4 . Specifically, a closer look at the (a) absorption and (b) differential absorption spectra shown in Fig. 4 reveals that "butterfly" in differential transmission spectrum is observed when Rabi frequency remains small. On the other hand, the "butterfly" splits into two peaks of opposite signs when the pump pulse amplitude increases. The first maximum matches the system resonance at frequency ω 12 and the second one means the shifted line due to Stark effect. Therefore, when Stark shift exceeds the line width of the system, it can be measured more exactly from the positive peak position in the differential absorption spectrum unless direct measurement of the absorption spectrum is possible. Concluding this subsection we consider changes in the diferential absorption spectra when increasing pump pulse area, while keeping constant frequency detuning ∆ L12 = ∆ P12 = 40 ps −1 . The results at different phase relaxation time are shown in Fig. 5 . Like in previous case, phase relaxation time T 2 has been chosen longer, equal, and shorter than pump pulse duration. Pump pulse area has been varied in the region Θ = 1 . . . 71. Other parameters have been left as in the case shown in Fig. 3 . It is seen that differential absorption spectra for both cases depicted in Figs. 3-5 exhibit very similar changes both with respect to frequency detunig and phase relaxation time: here again small oscillations emerge on the shorter wavelength side for τ L ≤ T 2 , and disappear when pump pulse duration is prolonged. The Stark shift in the differential absorption spectrum is seen only when generalized Rabi frequency exceeds the line width of homogenously broadened system, that is, Λ L > T −1 2 .
Two-colour pump-probe spectroscopy
Two-colour pump-probe experiment is easier to commit in practice than the dispersed one. Differential absorption spectra calculated for this case when both pump and probe pulses were taken as long as 0.5 ps are shown in Fig. 6 . In general terms, properties of the differential absorption spectra here remain the same as the ones discussed in the subsection above. Note the optimal value of the pump pulse area at which the most pronounced amplitude of the difference spectra appeared: Θ L 30. Finally, it is noteworthy to stress that the best choice for measuring Stark shifts is to set pump pulse duration close to phase relaxation time.
Stark shifts in the spectra of diffracted radiation
Described above peaks, slopes, and dips of the differential absorption spectra respond to the processes of different orders: linear (absorption and emission) and third-order (saturation and four-wave mixing). Therefore, they shade each other and make interpretation of the observed effects rather complicate.
Thus it is useful to look the spectra at different (from pump and probe) direction, e. g. at 2k L − k P . Square of the modulus of the polarization wave given by Eq. (15) for dispersed and two-colour pump-probe measurement configurations are shown in Figs. 7 and 8. In both cases Mollow triplet lines [19] are clearly seen here. Four-wave mixing process is responsible for polarization in this direction. It appears as the pump and probe pulses interfere and is proportional to Λ P Λ 2 L , as seen from steady state solution Eq. (27). Note that Rabi sidebands at frequencies ω 12 and ω L + ∆ increase when increasing phase relaxation time (i. e. for stronger light-matter interaction case). Consequently, longer pulses, as compared to phase relaxation time, cause falling amplitudes of the Rabi sideband spectra, whereas distinct peak at the exciton resonance emerges in this case.
Conclusions
In this paper, we demonstrate the interference effects of the strong pump and weak probe in angleresolved differential pump-probe spectroscopy. The dressed atom approach in the frequency domain was used to interpret our findings. Numerics for both dispersed and two-colour configurations of pump-probe measurements, in general terms, reveal the characteristics of the well-known Mollow triplet spectrum, though it is kept hidden to great extent by different mixing contributions (four-wave mixing, bleaching due to the population changes, induced polarization waves), when measured in the direction of the probe beam. Nevertheless, decreasing line width of the two-level system beyond the generalized Rabi frequency of the pump pulse results in a more clear manifestation of OSE in the differential absorption spectrum and can be estimated from its positive peak position. On the other hand, clear Mollow triplet, with characteristic of this spectra dependences on excitation strength and relaxation time of coherent polarization, can be observed in "pure" fourwave mixing direction 2k L − k P for measurements in both (dispersed and two-colour) configurations.
We should recall that Stark effect is of instantaneous response, and dressed states and quantum level splitting emerge only when system remains under excitation. This fact offers a possibility of all-optical femtosecond switch using two-photon absorption in threelevel system: e. g., recently a technique has been suggested where strong femtosecond laser beam switches off another laser beam of different wavelength due to the OSE in gases [21] . Our preliminary calculations show that extension of the model described above to three-level system (specifically, by adding transition from exciton to bi-exciton state) offers the same possibility in semiconductor quantum dots, i. e. materials meeting the requirements of nanotechnology.
